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Course overview

* 3 lectures: Monday, Tuesday, Thursday

* Topics:

- [1] The Particle-In-Cell (PIC) method as a tool to study laser-
plasma interaction in LPAs;

- [2] Limits/challenges of conventional PIC codes;
- [3] Tools to speed-up the modeling of LPAs (Lorentz-boosted

frame, quasi-static approximation, Fourier-mode decomposition,
ponderomotive guiding center description, etc.);



Overview of lecture 1

» Basic physics of laser-plasma accelerators (LPAs);
* The Vlasov-Maxwell (V-M) equations system;

* The PIC approach to solve V-M equations system:

- Numerical particles;

- The PIC loop;

- Force interpolation and current deposition;
- Pushing “numerical” particles;

- Solving Maxwell's equations on a grid;



LPA as compact accelerators

Short and intense laser propagating in a plasma: Plasma wavelength:
-short — T =L /c ~ A /c (tens of fs) A~ ny*?~ 10-100 pm,
-intense — a_ =eA /mc? ~ 1 (A,=0.8 um, | >10'® W/cm?) for n #10*°-10*cm?
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LPAs produce 1-100 GV/m accelerating
gradients + confining forces

Accelerating field

Plasma density

Focusing field

Transverse position

Longitudinal position
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plasma waves
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comoving coordinate,

E,~mcw / e~100 [V/m] x (n [ecm?])¥?

e.g., n,~10" cm?a ~1— E ~30 GV/m,

~ 102103 larger than conventional
RF accelerators




Electron bunches to be accelerated in an LPA
can be obtained from background plasma

— external injection (bunch from a conventional accelerator)

Drive

Laser Plasma Wave ReCIUIreS
- short (~ fs) bunch generation

Buach - precise bunch-laser synchronization
Electron
bunch to be — trapping of background plasma electrons
accelerated . * self-injection (requires high-intensity, high

plasma density) — limited control

* controlled injection — use laser(s) and/or
tailored plasma to manipulate the plasma wave
properties and capture background electrons

Transverse direction

- laser-triggered injection (e.g., colfiding pulse)
., - ionization-induced injection
" Longitudinal direction =~ - density gradient injection




Limits to energy gain in a (single stage) LPA

* laser diffraction (~ Rayleigh range)
— mitigated by guiding:
plasma channel and/or

.
Y
““
-

rayleigh

self-focusing/self-guiding mw,2/A,
* beam-wave dephasing: *
Bbunch = 1’ Bwave =1- )\02/(2)\p2) 15
— Slippage Ld = ()\p/4)/ (Bbunch ) ﬁwave) - no-3/2 Plasma waes
— mitigated by longitudinal density tailoring '0; i
05 -:: "":,_ laser
“t wakefield, E, |
* laser energy depletion — energy loss into e Y
plasma wave excitation, Lp 4~n %2 0_0\ A /\\Vwav_g-" /N

(L, = 1 cm forn =10 cm?) \/vbl;ch\/

-0.5 I L 1 L L
-12 -9 -b -3 4] 3 3]

comoving coordinate, ¢

Interaction length ~ n_ 72

N ~n -1
Acc. gradient ~ n_*? — Energy gain ~n,




Schematic of a “typical” LPA experiment +
modeling needs

Laser pulse [‘known”]

Oap

L

I Wiljg, -
Plasma target (gas-jet, gas cell,
capillary, etc..):

Diagnostics:
- laser (e.qg., laser
mode, spectrum,

etc.)
- Gas dynamics (gas target - bunch (charge,
formation; ~ms scalr) spectrum,

divergence, etc.)
- radiation (betatron,
etc.)

- Plasma formation (discharge, D‘ﬂmﬁ m 5
MHD:; 1 ns - 100 ns scale) G,

- Laser-plasma interaction Bunch transport
(laser evolution in the plasma, wake (transport optics,
formation and evolution, [self-]injection, etc.)

bunch dynamics; ~fs — ~ps scale)



Schematic of a “typical” LPA experiment +
modeling needs

Laser pulse [‘known”]

Diagnostics:
- laser (e.qg., laser
mode, spectrum,

Plasma target (gas-jet, gas cell,
capillary, etc..):

etc.)
- Gas dynamics (gas target - bunch (charge,
formation; ~ms scalr) spectrum,

divergence, etc.)
- radiation (betatron,
etc.)

- Plasma formation (discharge, D‘ﬁmﬁ

MHD; 1 ns - 100 ns scale)

- Laser-plasma interaction
(laser evolution in the plasma, wake

Bunch transport
. . (transport optics,
formation and evolution, [self-]injection, etc.)

bunch dynamics; ~fs — ~ps scale) < Computationally

expensive part!




Laser-plasma interaction physics in LPAs
described via Maxwell-Vlasov equations

Statistical* description for the plasma in the 6D (r,p) phase-space
— phase-space distribution function f (r,p,t)drdp = # particles (s=electron, ion)

located between r and r+dr with a momentum between p and p+dp at time t

Evolution of the distribution — Vlasov equation (collisionless plasma)

i . )
9 - g

v Af s B Plasma
+ s (E M B) " 8p L dynamics

Evolution of the fields E(r, t), B(r, t) — Maxwell equations

oB — _ OV %E OE TR B Laser + Wakefield
ot ot dynamics

Coupling between Vlasov < Maxwell

J = Z qs /vfs{p, r,t)dp n(r,t)=ffs(r,p,t)d3p
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Numerical solution of M-V equations requires using
grids (spatial, phase-space) to represent physical quantities

* E.g., 3D grid for density

Grid points:
NXzLX/Ax
NyzLy/Ay
NZzLZ/Az

— N3D=N *N *N
X y z *OSIRIS simulation "



Use of a moving computational box greatly reduces
memory requirements for LPA simulations

Simulation box (moving window)

r— — — — — — —

laser

| H | | window ~C
iy laser

"l wakefield, E,/ —>

| AN PN

bunchzv |
|-05 L L ,
12 9 6 3 0 3 6
_______ I

— 10's-100's um —
012 « plasma (~mm to ~m scale) — \

Fixed grid
—» Grid is shifted to follow the laser

HHHHHH—

Moving grid (window) M << N
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Numerical solution of the Maxwell-VIasov
equations: direct solution

* Direct numerical solution of MV equations is unfeasible
E(r), B(r), J(r), ... — discretized on a 3D spatial grid
f (r, p, t) — discretized on a 6D = 3D (space) x 3D (momentum) phase-space grid

Ex: Plasma: n_~ 10® cm>— )\p ~ 30 um
Laser: )\0 ~ 1 um, L0 ~ 10 um, W, ~ 30 um

3D spatial grid: 3D momentum grid:

L ~ Ly ~L ~100um [a few plasma lengths] pr ~ pr ~ 10 mc [transverse]
Ax~Ay~)\p/60 [transverse] LpZ ~ 2000 mc [longitudinal]

Az~A /30 [longitudinal] Apx~Apy~Apz~mc/10 [transverse]
Nx~Ny~200’ NZ~3000 NpX~pr~’IOO, sz~20000

N =N *N *N ~1.2x108 point — Representing 1 double precision quantity
3 x 'y z X p0|n16$ , (f ) on a grid with N __ points requires >200
N6D:N3D*N *N *N ~ 2x10" points S o0

Px ~py  pz PBytes of memory ==> UNFEASIBLE!!
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Numerical solution of the Maxwell-VIasov
equations: particle method (PIC)/1

» Vlasov equation solved using a particle method (+ 3D spatial grid for the fields)

f.(r.p.t) = (1/N )2 glr-r ()]o[p-p,(t)]

Particle “shape”
(finite spatial extent)

ol P b

‘numerical” pa

ﬂ

Sampling with _
icles  \ _.

g — “compact support” function Jg(r)dr=1
® — Dirac function
N_— # “numerical” particles

r.(t), p,(t) — phase-space orbit of the k-th
“numerical” particle (Vlasov characteristic)

r 14



Numerical solution of the Maxwell-VIasov
equations: particle method (PIC)/2

« Equation for the characteristics of the Vlasov equation

: dr /dt=v =p /my
d = d = ! i =
v e+ (B4 xB) Gh=o dp,/dt=  [E,+(v,/C)B
—>
f(rp.t) = (1N, glr-r ()]3[p-p, (1) where E, = JE(rjg(r-r,)dr
B, = [B(r)g(r-r )dr

==> evolution of f_described via the motion of a "swarm” of numerical particles

» Expressing the current density using numerical particles

g qu [ vi(p.r,tydp —— J=5 (Q/N)T, | v glr-r (1)
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Numerical solution of the Maxwell-VIasov
equations: particle method (PIC)/3

« Example of particle shapes: g(r)=gx(x)gy(y)gz(z)

Numerical particles on the spatial grid

i 1 (“clouds” of charge)
g,(X) osf 1 Spatial extension = Ax ‘L |

%35 4 05 0 05 1 15 2 3 l\‘ k P,

o Bt
g,(x) osf /\ | Spatial extension = 2Ax L 7\!*

»
%545 4 05 0 05 1 15 2 . =\l
-

9,(X) os| /\ 1 Spatial extension = 3Ax .

N Fa

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2 > —_

3 a(x,y)=g,(x)g,(y)

[Lapenta] X/AX Ax 1 1

— describes interaction particles < grid
— finite spatial extension (to limit number of calculations)
— type of shape controls noise in simulation (higher order reduces noise)
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Memory requirements for the solution of Maxwell-
Vlasov equations using the PIC technique

Plasma: n_~ 10"® cm>— )\p ~ 30 um
Laser: )\O ~1 um, Lo ~ 10 um, W, ~ 30 um

3D spatial grid:

L ~ Ly ~L_~ 100 um [a few plasma lengths]

Ax~Ay~)\p/6O [transverse]

Az~ /30 [longitudinal] _
0 N. =N *N *N ~1.2x10° t

N,~N ~200 , N_~3000 o Ny e XD PO

Particles:
N =1-100 NomNgy™N ~108-10"° particles
pc (0) C

Y

Grid — (9 fields) x (8 bytes) x N, ~ 7 GBytes
Particles — (6 coordinates) x (8 bytes) x N _ ~ (5-500) GBytes

Memory requirements OKI!!!

Edison @ NERSC (10° CPUs) = 360 TBytes, 2.6 Pflops/s 17



tum space depends on

Ion IN Momen

Resolut

number of “numerical” particles per cell

few PPC

struqgtures



The PIC loop: self-consistent solution of
Maxwell-Vlasov equations

Initial
condition —

Load initial EM
fields on the grid

Load initial

particle distribution

i |

Force interpolation
(E.B) »F,

Evolve E, B (solution of
Maxwell's equations)

0B OE
at

— =—cVxE —=cVxB-4dnJ
eV x a5 cV X T

At

Current deposition
(r.p) >J,

|

r;l“*

3
b

Push particle

I — i
. =¥;= —L.
e 7

< —g; (E(ri,t)+ % xB(r, )
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The PIC loop: self-consistent solution of
Maxwell-Vlasov equations

Initial
condition —

Load initial EM
fields on the grid

Load initial

particle distribution

i |

P

A)rce interpolation

\_ EB,-F,

\/

Evolve E, B (solution of
Maxwell's equations)

0B OE
at

— =—cVxE —=cVxB-4dnJ
eV x a5 cV X T

At

Current deposition
(r.p) >J,

|

F;l“*

3
. b

Push particle

I — i
. =¥;= —L.
e 7

r =i (E[I'f t)+% x B(r;, 1))
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Force interpolation: grid — particle [1D]

ki = fE(m)g(m — qi)dx 1/A [x|<A /2
g,(x)=
0 |X|>A /2 2 -5 - 05 o0 o5 1 15 2
A X
E(x)
i-1 i i+1
NSNS N=(q, X )4,
E |~ 0 . .
i+1 . .
e | : <BE>(x=q )= (1-n)E +nE__
B | : i if g =x — <E>=E
: . l‘n :n : |fq =X — <E>=(E +E )/2
: A 'IA : ~ Tk T i i+
E I : I . i 9% <E>=Ei+1
Xizxmin-l-Axi X X. X. X
i=0,1,.., N -1 A
AX=(Xmax-Xmin)/(Nx-/I ) A



The PIC loop: self-consistent solution of
Maxwell-Vlasov equations

Initial
condition —

Load initial EM
fields on the grid

Load initial

particle distribution

i |

Force interpolation
(E.B) »F,

Evolve E, B (solution of
Maxwell's equations)

@_—c‘?xE %—vaB—dlﬁJ

ot

At

o~

Current deposition
(r.p) >J,

\/

|

F;l“*

3
b

Push particle

I — i
. =¥;= —L.
e 7

C =g (E[I'f t)+% x B(r;, 1))
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Current deposition: particle — grid [1D]

-1 i el PR J(z)dz
et Vet W R T
: . 1-n in : 1/AX |X|<A /2
I et o U 9,(X)=
: : : 0 [x>A/2
! n : ﬂ=. I : - nz(qk_xi)/AX
X4 X Xy X
~— ==> Charge distributed between the grid points
\ | and i+1
X=X  +AI| Ax qk * * *
T o 7 U * (e m (A (N
ASX X (NT) N J +=n*(q.u/my )*(1/A )*(1/N)

N.B. Using the same scheme to perform force interpolation and current
deposition gives no self-force on the particle.



The PIC loop: self-consistent solution of
Maxwell-Vlasov equations

Initial Load initial EM Load initial
condition — fields on the grid particle distribution
Force interpolation
(E. B), > F, |

volve E, B (solution of
Maxwell's equations)

0B oE

w—c‘?xE E_c?xBy

 S—

D (

Current deposition
(r.p) >J,

rr; =V;= Pi

v
Push particle \

{ L =g; (E(r;, t)+ % xB(r;, 1))
SN /

R I

F-‘..lB"

3
. b
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Major criteria to chose algorithms in a PIC code

Integration of Maxwell's equations and particle's equations of motion requires
solving PDEs and ODEs — discretized numerical solution

Properties of numerical schemes:

Convergence — the numerical solution goes to the analytical one if AX, Ay,
A and A, go to zero.

Accuracy — scaling of the truncation error with AX, Ay, Azand At.

Stability — if total errors (truncation + round-off) grows in time then the scheme
IS unstable.

Efficiency — computational cost of the algorithm.
Dissipation — dissipation of some physical quantity due to truncation error.

Conservation — deviation of the conservation law caused by the truncation
error.
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Discretization of (spatial and temporal) derivatives

Derivatives of f(x) [using Taylor's

X — space or time variable expansion]:
AX — discretization step
f(x) — some function of x . df/dx|=(f _-f)/Ax + O(Ax)
f(x) 1
A order
f o df/dx|=(f-f_)/Ax + O(AX)

i+1

. dffdx|=(f_F )/(2Ax) + O(AX?)

2nd

. dfidx| £)AX + O(AXD) > order

+1/2 ( i+1

. df/dx| )AX + O(Ax?)

i-1/2 (I J

— centering easy way to construct 2™
4: - » order scheme

(i- )Ax (|+1)Ax X _
— time integration of an ODE requires

(i-1/2)Ax  (i+1/2)A at least a 2" order scheme in order
to provide meaningful results

~ T 0
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The PIC loop: self-consistent solution of
Maxwell-Vlasov equations

Initial
condition —

Load initial EM
fields on the grid

Load initial

particle distribution

| |

Force interpolation
(E.B) »F,

Evolve E, B (solution of
Maxwell's equations)

@_—c‘?xE g_cva—dlm‘J

ot

D (

Current deposition
(r.p) >J,

e

.

~

Push par‘rich

N

%_V'EE ..
%ﬂ—"_q; [:E[rft]—l—i; xB[r.ht))
/

27



Particle pusher (2" order “leapfrog” scheme)

Position and momentum are staggered
in time — 2™ order accurate scheme!

B[r"i-"tjl) n+1
", [E", B"] r
< ]
I I I time
| T | T | g
(n-1)At nAt (n+1)At
pn—1/2 n+1/2
Implicit equation!
(dp/dt)n N (pn+1/2 _ pn-1/2)/At )
n+1/2 n-1/2 n+1/2 n-1/2
. P -p _ R ]
v/c — (pn+1/2 + pn-1/2)/(2mC,Yn) At =( E" + 2MC yn X B
o
n+1/2 Y N41/2 _ n+1/2 nt172
(dr/dt)"™ " — = v =p" o (myT)
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Solution of momentum equation with Boris scheme

(explicit)
Boris scheme (2™ order, time reversible) separates the contributions of electric
and magnetic fields in the motion of the particle " [i”! Bl
— (1) momentum change due to E (1/2 kick) T |
nAt

P12 p = pm2+ g EN (AY2) T
(H (3)
— (2) rotation of p”~ due to B (particle energy does not change)

V"= [1+(p/mc)? |2 t= gAtB2moy” s = 2t/(1+[t]?)

S
p=p+pxt p — p’: rotation around B" by

P'=p+pXs an angle arctan[gAtB"/2mcy"]

— (3) momentum change due to E (1/2 kick)

p'— p"?=p"+qE" (Al/2)
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The PIC loop: self-consistent solution of
Maxwell-Vlasov equations

Initial
condition —

Load initial EM Load initial
fields on the grid

particle distribution

| |

Force interpolation
(E.B) »F,

_— N
tion o

Aolve E, B (solu

Maxwell's equations)

oJB JdE
E——c‘?xE E_cva

™
y

s

At

\/

Current deposition
(r.p) >J,

|

F:Ll’;*

3
:

Push particle

I'; — i
L= V= _L_
L T C

C =g (E[I'f t)+% x B(r;, 1))
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Field solver (2™ order finite-difference time-domain
“Yee” scheme): time discretization

(

oE
E — E‘{-'? x B — 4xJ En+‘| — En + At [CAXBn+1/2 _4_'_I_Jn+1/2]
< n+1/2 n+1 n
o _ (GE/ot)™"2— (E™' - E")/At
el e i b4
_ Ot 5E

——c'i?xB 4]

n+1
E & B are staggered in time

E"
— 2™ order accurate scheme! l & il
|
|
nAt

| time
I T T I g
(n-1)At (n+1)At
Bn—1/2 Bn+1/2
k = curl B™'2, curl E”
B _ o, .k — computed
5‘* numerically on
(8B/at)"— (B™"2 - B™"2)/At the grid

To push particle we need:
Bn=(Bn-1/2 + Bn+1/2)/2 «— Bn+1/2 — Bn-1/2 _ CAt AXEn
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Field solver (2™ order finite-difference time-domain
“Yee” scheme): space discretization

Rewriting Maxwell's equation in 1D (E=E , B=By) and in vacuum (J=0) [CAt=AT]
JE B
—— =iy x B — =—cV X E
ot ot
1 Time discretization (2" order) l
(E™ - E"Y/AT =-9B/dz|™"* (B™"? - B™"2)/AT =-9E/dz|
l Space discretization (2™ order)
(EnHk - BN /AT =_(Bn+1/2k+1/2 ) Bn+1/2k-1/2)/AZ
\/
E & B are staggered in space (B i - BT AT =B - ET)/AZ

— 2" order accurate scheme!
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Field solver (Yee) in 3D: exploits spatial and temporal
staggering of fields to obtain 2" order accurate scheme/1

e 2
(i £ 1)Az--~ => Different components
[ Z . .
I y of the different fields are
—r B, staggered, so that all
1 B, B derivatives in the Maxwell
p I ———— - jAy equations are centered
y J!J
iAT - -~ =mn G =L )i
kAz (k4 1)A>
Field Position in space and time Notation
X i Z t
E. (i + %)A:g jAy kAz nAt ET?JFA.;‘,_R:
E, iAz 4+ 3)Ay kAz nAt Eyl i1k
E. iAx jAy (k+ 2)Az nAt E:} i1
B, iAT (G+3)Ay  (k+3)Az  (n+3)At I?EA Bl
B, (i + %)ﬂ-ﬁ jAy (k+ %)Az (n+ %)&t y;fl%,j..ﬂl
B, G+dAT GHHA KAz (DA BIUE L
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Field solver (Yee) in 3D: exploits spatial and temporal
staggering of fields to obtain 2" order accurate scheme/2

Maxwell-Ampére

Ot Bz " = —OyE.|". 0. E,|".
COTl 45 k45 yEzli 4l ksl T 92 -‘f|1,:.-+%,k+%
T T e
OBy itg.0ktg —0:Ex itlgktd T 3IEz|i+%,j,k+%
n _ i T
0B, i+5.d+5.F Oz Ey i+d,j+3.k T ayEI|i+%,j+%,k
r 1 ! 1 ! !
n + = n —= i) T
2 2 F . — F' .
n' . Ffi’,j’._k" il g7 K’ n' I L X L i — 25 k!
' At W Ax
I ’ ' r
T i ] i T
1 _ 1 I 1 _ 1
I F-; s 1 k! F-.r 1 k' F-.r i It 1 F-.r il ot 1
i 1 :-j +2* L 3 1 T _ 1 1j ] +2 2 :.j ¥ 2
8yF|'i" j".k" — BEF“F j! k! =
W Ay i Az
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What happens to div B = 0 and div E=4np
equations”?

* The (discretized) div B = 0 and div E=47p equations must be satisfied for t=0
(consistent initial condition)

e If div B = 0 is satisfied for t=0, then it remains satisfied at all times as long as
B is evolved with the Faraday equation. This remains true when equations
are discretized in space and time (provided that div curl = 0)

o If div E=4np is satisfied for t=0 then it remains satisfied at all times if continuity
equation (div J + dp/ot=0) holds

« Unfortunately, using direct charge and current deposition (i.e., J and p from
numerical particles via shape-functions), the discretized version of the
continuity equation is not satisfied (div E#4mp):

® At each step correct E, namely E'=E-grad[o¢], so that div E'=47p
— A(0¢) = div E - 4np [Boris correction];

® Construct J in such a way cont. equation is automatically
satisfied [Esirkepov, 2001];
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